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1 Convex cones

Convex cones are generalizations of real vector spaces. While the elements of a
real vector space can be scaled in any direction (positively or negatively), the
elements of a convex cone can only be scaled positively.

Convex cones arise naturally in optimization where typically you are trying
to minimize of maximize some function within a feasible set, and (at least lo-
cally) there is a “good direction” you want to go in: it’s OK to move positively
in the good direction, and bad to move away from it. If your set is nice enough,
the directions you’re allowed to move in will also form (at least locally) a con-
vex cone. Satisfying both at the same time leads to a third, smaller cone of
directions that are both good and allowable.

In many instances, the feasible set will also involve a convex cone. The
most familiar example is linear programming where you are optimizing over the
nonnegative orthant Rn

+, but second-order programming (over the ice-cream
cone) and semidefinite programming over (over the real PSD cone) are also
incredibly popular as well. In each case we start with a convex cone, take a slice
of it, and then try to minimize or maximize some function over the resulting
set. The (free) book Convex Optimization by Boyd and Vandenberghe covers
this in depth [5].

This last sort is generically referred to as conic programming. If K1 and
K2 are closed convex cones in some Euclidean space V , if A : V → V is linear,
and if b, c ∈ V are two points, then the “primal” conic programming problem is
to

minimize ⟨b, x⟩
subject to A (x) ∈ K2 + c

x ∈ K1

If you are willing to use weird-enough cones, conic programming can be used
to solve NP-hard problems:

• Quadratic programs including the quadratic assignment problem

• Maximum stable set of a graph

• Chromatic number of a graph
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The chapter “Copositive programming” by Samuel Burer in the Handbook
on Semidefinite, Conic and Polynomial Optimization is a good overview [1].

While it may occasionally be overkill, we shall assume that we are working
in a finite-dimensional real inner-product space. For all intents and purposes,
this is Rn. We call these Euclidean spaces from now on.

Definition 1 (convex cones). A subset of a Euclidean space is convex if the
line segment between any two points of the set is entirely contained in the set:
if x and y belong to the set, then so does {αx+ (1− α) y | α ∈ [0, 1]}. A cone
is a set that is closed under positive scaling: if x belongs to the set, then so does
αx when α > 0. A convex cone is a cone that is convex. Another way to state
this is to say that x+ y belongs to a convex cone whenever x and y do.

This definition of cone omits the origin, but we can remedy that by including
its boundary. The result is a (topologically) closed set. There are a few other
conic adjectives that will play important roles. They are usually desirable; the
more adjectives we have, the nicer our cone will be1.

Definition 2 (species of convex cone). A closed convex cone is a convex cone
that is topologically closed as a subset of the ambient Euclidean space. A convex
cone is pointed if it contains no lines, and solid if it spans the ambient space.
When all of these are true at once, the cone is called proper, the nicest adjective
of all.

Closed convex cones are often thought of as being generated by some smaller
set. If we can reconstruct a the cone K from another set G by taking all
nonnegative linear combinations of the elements in G, then we say that K is
generated by G, and write K = cone (G).

Formally,

cone (G) :=

{
m∑
i=1

αigi

∣∣∣∣∣ gi ∈ G, αi ≥ 0, m ∈ N

}
,

and K is generated by G if cone (G) = K. The terminology is a bit ambiguous,
but we say that the elements of G are generators of K in this case.

Lemma 1. If K is a convex cone in a nontrivial Euclidean space V , then the
following are equivalent:

1. K is pointed

2. K ∩ (−K) ⊆ {0}

3. K \ {0} is strictly contained in some half-space of V

Geometrically, the last item here means that a pointed cone K consists of
all positive multiples of one of its cross-sections. If q ∈ V defines the half-space,
then C := {x ∈ K | ⟨x, q⟩ = ±1} is one such cross-section (called a base).

1Differential geometers will disagree about “closed.”
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Lemma 2. If K is a convex cone generated by a set G in the Euclidean space
V , then the following are equivalent:

1. K is solid

2. K contains a basis for V

3. G contains a basis for V

The first two items here are more or less the definition of “solid.” The third
item is however easy to see because whatever basis you obtain from the second
item must be expressable in terms of the elements of G.

Example 1. In the space Rn with the standard basis {e1, e2, . . . , en}, the non-
negative orthant

Rn
+ :=

{
(x1, x2, . . . , xn)

T
∣∣∣ xi ≥ 0 for all i

}
is a closed, convex, pointed, and solid (i.e. proper) cone generated by the stan-
dard basis. That is, Rn

+ = cone ({e1, e2, . . . , en}).

Example 2. In the space Rn ∼=
(
R,Rn−1

)
, the ice-cream cone

Ln
+ :=

{
(x1, x̄)

T
∣∣∣ x1 ≥ ∥x̄∥

}
is a closed, convex, pointed, and solid (i.e. proper) cone. It is generated by the
non-ice-cream part of the ice-cream cone.

Example 3. In the space Sn of real, symmetric n × n matrices, the set of all
positive-semidefinite matrices

Sn
+ := {A ∈ Sn | ⟨Ax, x⟩ ≥ 0 for all x ∈ Rn}

is a closed, convex, pointed, and solid (i.e. proper) cone generated by the rank-
one matrices of the form xxT for x ∈ Rn. (Think spectral decomposition.)

Any generating set2 can be scaled to have unit norm without affecting the
cone. In Examples 2 and 3 we did not do this, so our generating sets contain
“extra” elements.

Example 4. In the space Rn, any vector subspace (including Rn itself) is a
closed convex cone. The subspace Rn is solid and {0} is pointed. How many
vectors are needed for a generating set of R2?

Example 5. If K1 and K2 are both closed (pointed, solid) convex cones, then
K1 ×K2 is a (pointed, solid) convex cone. If G1 and G2 generate K1 and K2

respectively, then (G1 × {0}) ∪ ({0} ×G2) generates K1 ×K2.

2Ignoring generating sets that pointlessly contain the origin.
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Example 6. If K is a (closed, pointed, solid) convex cone and if A is invertible,
then A (K) is a (closed, pointed, solid) convex cone. If G generates K, then
A (G) generates A (K).

The last two examples hint at a generic way to construct big cones from
little ones. Start with two cones K1 and K2 in spaces V1 and V2, respectively,
and take their cartesian product. Then apply an invertible linear map

A : (V1 × V2) → (V1 × V2) .

The result is a new convex cone J := A (K1 ×K2). But what if we we are given
a cone like J? Can we reverse the process to recover K1 and K2?

2 Reducibility

A vector space V is a direct sum of subspaces V1 and V2 if V = V1 + V2 as sets
and if V1 ∩ V2 = {0}. In that case, we write V = V1 ⊕ V2. Typically we want
V1, V2 ̸= {0} and say that the direct sum is nontrivial in that case. This notion
of direct sum easily extends to other non-subspace sets S = S1 ⊕ S2 ⊆ V by
requiring that S1 ⊆ V1 and S2 ⊆ V2 for subspaces V1, V2 such that V = V1⊕V2.

Definition 3. A convex cone is reducible if it is the nontrivial direct sum of
two convex cones, and irreducible if not. Formally, a convex cone K ⊆ V is
reducible if and only if there exist nontrivial subspaces V1, V2 ⊆ V such that
V = V1 ⊕ V2, and convex cones K1 ⊆ V1 and K2 ⊆ V2 for which K = K1 +K2.

Reducibility is important in many contexts; classical examples can be found
the famous book by Berman and Plemmons [3]. A few modern ones:

• The Jordan-automorphism group of a Euclidean Jordan algebra [18], acts
transitively on the set of Jordan frames if and only if the cone of squares
is irreducible or Rn

+.

• If K is a proper polyhedral cone, then its Lyapunov rank is one if and
only if it is irreducible [10].

• If K is a proper polyhedral cone in n dimensions and if Z (K)
∗
is the

dual of the cone of Z-operators on K, then K is irreducible if and only if
dim

(
Z (K)

∗) ≥ n2 − 1. This combines results of Orlitzky, Haynesworth,
Fiedler, and Pták [17].

If you start with a reducible cone and reduce it repeatedly, what you wind up
with is a direct sum of irreducible cones. The sum is unique (up to order) if the
original cone was proper. This result has been proved many times in many dif-
ferent settings, to varying degrees of uniqueness. Taking Lemma 1 in to account,
decompositions of compact convex sets can also be seen as decompositions of
pointed convex cones.
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1963 Proposition 1 in Chapter I §1 of Vinberg [25], for open, pointed, and solid
convex cones.

1964 As Theorem 9.3 of Bleicher and Schneider, for pointed convex cones in
finitely-generated modules over an ordered ring with the ascending chain
condition on left ideals [4].

1966 Rothaus [21], for “regular” cones, but again in the context of constructing
homogeneous cones.

1967 Kaneyuki [14], for affine-homogeneous Siegel domains (from which all ho-
mogeneous convex cones arise).

1968 Asano [2], for homogeneous cones in T-algebras.

1970 Gruber [11] for affine convex bodies (in German).

1975 Gale and Klee [9] in the more general context of topological commutive
semigroups. (Euclidean spaces are commutative topological group with
respect to addition.)

1982 Meschiari [15], who cites for it the disserations of Gentili and O’Connor.

1994 As Proposition III.4.5 of Faraut and Korányi, for symmetric cones [7],
where the it follows from the decomposition of a Euclidean Jordan algebra
into simple components.

2002 As Theorem 4.3 of Hauser and Güler [13], for pointed convex cones in
Euclidean spaces with uniqueness when the cone is solid. (The authors do
mention Gruber’s 1970 paper.)

2011 Theorem 1.13 of Rohrer [20] in the context of toric geometry. The unique-
ness for a line is mentioned here.

2014 Theorem 4 of Bremner, Sikirić, Pasechnik, Rehn and Schürmann [6] along
with its computability.

Perhaps the simplest example is the nonnegative orthant which can be ex-
pressed as the direct sum of one-dimensional rays.

Example 7. Recall the nonnegative orthant in Rn,

Rn
+ = cone ({e1, e2, . . . , en}) .

If we write

Rn =

n⊕
i=1

span ({ei})

then the nonnegative orthant becomes a direct sum as well:

Rn
+ =

n⊕
i=1

cone ({ei}).
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Why bother? In most cases, it is easier to study two small objects than one
big one.

If your cone is not pointed or solid, it can still be decomposed, though per-
haps not in a unique manner. A cone that is not pointed cannot be uniquely
decomposed unless it is a line because, for example, every basis for a two-
dimensional subspace (a reducible convex cone) leads to a different decomposi-
tion of that subspace into a direct sum of two one-dimensional spaces (irreducible
convex cones).

Example 8. The space R2 is a reducible convex cone in R2, yet it can be
expressed as the sum of irreducible convex cones in an infinite number of ways:

R2 = span
({

(1, 0)
T
})

⊕ span
({

(0, 1)
T
})

,

R2 = span
({

(1, 1)
T
})

⊕ span
({

(1,−1)
T
})

,

et cetera.

We note that every line is a sum of convex cones, since R = R++(−R+), but
the sum is not direct because there is no (nontrivial) direct sum decomposition
of a one-dimensional space.

A cone that is not solid can fail to decompose uniquely for similar reasons,
though this is more of a technicality. Every decomposition of a convex cone
corresponds to a decomposition of the ambient space. If your cone is one-
dimensional and if the ambient space is three-dimensional, then again, you are
free to choose any basis for the two-dimensional subspace that your cone doesn’t
touch. This leads to a farcical decomposition of the cone {0} into {0} ⊕ {0},
but in a way that is not unique, because the subspaces that are hidden by the
notation are not unique.

Example 9. The set {0} in R2 is a pointed closed convex cone, but it is not
solid. And it can be decomposed into a direct sum but not in a unique way.
Let,

W1 := span
({

(1, 0)
T
})

⊕ span
({

(0, 1)
T
})

, and

W2 := span
({

(1, 1)
T
})

⊕ span
({

(1,−1)
T
})

be two direct sum decompositions of R2, as in the previous example. Then

{0} = {0} ⊕ {0} ⊆ W1, and

{0} = {0} ⊕ {0} ⊆ W2

are two irreducible decompositions of {0}.

Despite these counter-examples, there is a canonical decomposition for any
convex cone. To work around the difficulties, we must deal with the lineal and
trivial components of the cone separately.
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Definition 4 (lineality space). If K is a closed convex cone, it is convenient to
define the lineality space of K to be the largest subspace contained in K, and
denote it by linspace (K).

The dimension of linspace (K) measures “how not pointed” the cone K is.

Similarly, the dimension of the subspace span (K)
⊥
measures “how not solid” it

is. It is straightforward to verify that linspace (K) = K∩(−K), so by Lemma 1,
K is pointed if and only if linspace (K) = {0}.

With that out of the way, the following is well-known.

Theorem 1 (Stoer and Witzgall, Theorem 2.10.5). Every closed convex cone
K in a Euclidean space has an orthogonal direct sum decomposition,

K = linspace (K)⊕K ∩ linspace (K)
⊥
,

where K ∩ linspace (K)
⊥

is pointed.

And of course, if a closed convex cone K is not solid, then it is easy to
decompose it into a direct sum K = S ⊕ {0} where S is solid within span (K),
and {0} lives in the space orthogonal to K. By combining these two results we
obtain a (unique) decomposition of any closed convex cone K into a sum,

K = linspace (K)⊕K ∩ linspace (K)
⊥ ⊕ {0}

⊆

V = linspace (K)⊕
(
span (K) ∩ linspace (K)

⊥
)
⊕ span (K)

⊥
.

The middle term here is a proper cone and can be uniquely decomposed as a
sum of irreducible proper cones. The remaining terms are a vector space (in
itself) and the trivial cone (in the space orthogonal to K), which are unique, so
long as we don’t try to decompose them. This leads to the following “result.”

Theorem 2. If K is a closed convex cone in a finite dimensional real inner-
product space V , then, up to the order of the factors, it has a unique decompo-
sition

K = L⊕ Z ⊕ P

where

L = linspace (K) in itself,

Z = {0} in span (K)
⊥
,

P =

m⊕
i=1

Pi in span (K) ∩ linspace (K)
⊥
,

and each Pi is proper and irreducible in span (Pi).

If you are willing to abuse the notation for direct sum, the component Z =
{0} can of course be omitted, as if you were working with a solid cone in span (K)
all along.
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Proposition 1 (Wets-Witzgall [26]). If K is a closed convex cone in a Eu-
clidean space V and if K = cone (G) for some G ⊆ V , then

linspace (K) = cone (G ∩ linspace (K)) .

In other words, the lineality space of K is generated by (only) those generators
of K that lie in it.

Proof. As usual, one inclusion is obvious. Conic combinations are more restric-
tive than linear combinations, so they cannot be used to escape a vector space:

cone (G ∩ linspace (K)) ⊆ span (linspace (K)) = linspace (K) .

For the other inclusion, suppose that x ∈ linspace (K) = K ∩ (−K). Then x ∈
cone (G)∩cone (−G), and it can be expressed as two different conic combinations
in terms of G and −G:

x =

ℓ∑
i=1

αigi =

m∑
j=1

βjhj .

where gi ∈ G, hj ∈ −G, and each term of each sum is (without loss of generality)
non-zero. If either sum is empty, then x = 0, which technically belongs to
cone (G ∩ linspace (K)), since {0} = cone (∅). On the other hand, if both sums
are nonempty, then,

α1g1 =

 m∑
j=1

βjhj

+

(
ℓ∑

i=2

αi (−gi)

)
.

We know that α1g1 ∈ K, and the right-hand side is in cone (−G) = −K. Thus

g1 ∈ K ∩ (−K) = linspace (K) .

The choice of α1g1 here can of course be repeated with any other αigi. Doing
so, we conclude that x =

∑
αigi belongs to cone (G ∩ linspace (K)).

Modulo the lineality space, a similar result holds for any direct sum decom-
position of a pointed cone.

Proposition 2. If K = K1⊕K2 is a pointed closed convex cone in V = V1⊕V2

and if K = cone (G) for some G ⊆ V , then K1 = cone (G ∩ V1) and likewise for
K2.

Proof. Clearly, if x ∈ cone (G ∩ V1), then x ∈ K1.
Conversely, suppose x ∈ K1 is nonzero. Expressing each g ∈ G ⊆ K as p+ q

with p ∈ K1 and q ∈ K2, we have x =
∑m

i=1 αigi =
∑m

i=1 αi (pi + qi) with all
αi > 0. By grouping these,

x =

(
m∑
i=1

αipi

)
︸ ︷︷ ︸

∈V1

+

(
m∑
i=1

αiqi

)
︸ ︷︷ ︸

∈V2

.
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Since x ∈ V1, the second sum must be zero. But K2 is pointed (because K is
pointed), so the only way that can happen is if all qi are zero (Lemma 1, strict
half-space condition). Thus gi = pi ∈ V1 for all gi used to express x.

Unfortunately we cannot just combine Propositions 1 and 2 to conclude that,
upon decomposing any convex cone, its generators will lie in the subspaces in-
volved in the direct sum. If K = cone (G), the subset of G that lives outside of

linspace (K) will not necessarily generate the cone K ∩ linspace (K)
⊥

in Theo-
rem 1. The remaining generators can however be projected on to the subspace
linspace (K)

⊥
to produce generators for the pointed cone; at that point Propo-

sition 2 may be applied.

Lemma 3. If K = cone (G), then the generators of K ∩ linspace (K)
⊥

are the

orthogonal projections of G onto the subspace linspace (K)
⊥
.

Proof. If x ∈ K ∩ linspace (K)
⊥
, then x =

∑m
i=1 αigi for gi ∈ G because x is

in K. Project x onto linspace (K)
⊥
, which is linear and does nothing to x, to

express x as a conic combination of projections of the gi.

In the next theorem we refer to A, the field of algebraic real numbers3. Ba-
sically these are the rational numbers, but with all non-imaginary square, cube
(etc.), roots adjoined. The reason for the switch is that we cannot honestly
claim to have an algorithm that works over R, but neither do we want to in-
troduce the nightmare called floating point arithmetic. The rational numbers
would be perfect, but we cannot perform orthogonal projections over the ra-
tionals because we cannot normalize vectors. (Try to normalize (1, 1)

T ∈ Q2.)
The algebraic reals, on the other hand, are a field—so linear algebra works—and
have the roots that we need to normalize.

Remark 1. Though the decimal expansion of
√
2 cannot be stored on a com-

puter, we can identify
√
2 with a polynomial X2−2 that has integer coefficients.

With a bit of cleverness and a lot of abstract algebra, this idea can be used to
perform exact computations involving

√
2. This is implemented to various ex-

tents by the FLINT library and the SageMath system [23, 24].

Theorem 3. If K = cone (G) and if G ⊆ An is finite, then there is an algorithm
to compute the decomposition in Theorem 2.

Proof. The component L = linspace (K) is easy to compute—Wets and Witzgall

tell you how to do it [26]. Afterwards, linspace (K)
⊥

is easy to find, and the
subset of G that does not live in linspace (K) can be projected on to it using
basic linear algebra. Thus we obtain a pointed cone P = cone (H) to which we
may apply the algorithm [6] from Theorem 4 of Bremner et al.

H contains a basis for span (P ) by Lemma 2. Place the generators h ∈ H in a
matrix as the columns, and use Gaussian elimination to reduce it to row-echelon

3https://en.wikipedia.org/wiki/Algebraic_number
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form. The pivot columns will then indicate which of the original columns formed
a linearly-independent set4, i.e. a basis {hi1 , hi2 , . . . , him} ⊆ H for span (P ).

At this point, pause momentarily and compute span (K)
⊥
, the orthogonal

complement of L⊕ span (P ). This is the subspace that the component Z = {0}
will live in.

Continuing now, it remains to find the components Pi such that P =
⊕

Pi.
Express each hi ∈ H in terms of the basis that we computed a moment ago:

hi = α1 (hi)hi1 + α2 (hi)hi2 + · · ·+ αm (hi)him .

Construct a graph (V,E) with vertex set V := H and edges

E := {(hi, hik) | αk (hi) ̸= 0} .

In this graph, the edges indicate whether or not each generator hi of P has a
nonzero coefficient in terms of the basis element hik , which also happens to be a
generator of P . From Proposition 2, there is a path in this graph from hi to hik

if and only if hi and hik are generators of the same irreducible component of P .
All that remains is to compute the vertex sets Hi in each connected component
of the graph (V,E). This is a standard depth-first search algorithm in graph
theory. We then set Pi := cone (Hi) and are done.

This algorithm has been implemented in SageMath [24]. Perhaps the sim-
plest example we can give is of decomposing the nonnegative orthant in Q3 into
a direct sum of three rays. Here there is no need to project because the cone
is proper, so we can get away with using the faster (and conceptually simpler)
rational arithmetic.

4Starting with a matrix in row-echelon form, the pivot columns must form a linearly-
independent set, because each one has a nonzero coordinate in a position where the others
don’t. And at each step, the elementary row operations are invertible, and do not alter the
linear-independence of a set of linearly-independent columns. Thus the original matrix, being
obtainable by this procedure (row-echelon in reverse), must have the same set of linearly-
independent columns.
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sage: e1 = vector(QQ, (1,0,0))

sage: e2 = vector(QQ, (0,1,0))

sage: e3 = vector(QQ, (0,0,1))

sage: K = Cone([e1,e2,e3])

sage: K.irreducible_factors()

{1-d cone in 3-d lattice N,

1-d cone in 3-d lattice N,

1-d cone in 3-d lattice N}

sage: r1 = Cone([e1])

sage: r2 = Cone([e2])

sage: r3 = Cone([e3])

sage: K.irreducible_factors() == {r1,r2,r3}

True

This makes it easy to test whether or not a proper cone is irreducible. If we
decompose it and there’s only one cone in the decomposition, then that cone is
the one we started with, and it’s irreducible. For example, the ℓ1-norm cone is
irreducible.

sage: g1 = ( 1, 0, 1)

sage: g2 = ( 0, 1, 1)

sage: g3 = (-1, 0, 1)

sage: g4 = ( 0, -1, 1)

sage: K = Cone([g1, g2, g3, g4])

sage: K.irreducible_factors()

{3-d cone in 3-d lattice N}

sage: K.is_reducible()

False

3 Automorphisms

If K is a convex cone in a Euclidean space V , then an automorphism of K is
any invertible linear map A : V → V such that A (K) = K. Unless your set
carries some additional structure (like a group or manifold), this is simply the
definition of an automorphism of a set in a vector space, applied to a set that
happens to be a convex cone.

The set of all automorphisms of K form a group that is denoted by Aut (K).
Knowing the automorphism group of your cone can be a big help, but it is usually
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not very easy to find. Thankfully for polyhedral cones there is some hope, and
it just so happens to provide us with an application for our decomposition.

Definition 5. A convex cone K is polyhedral if K = cone (G) for some finite
set G. Alternatively, K is polyhedral if and only if it is the intersection of a
finite number of half-spaces [19].

These two methods of describing a polyhedral convex cone are known as
the V- and H-representations, for vertex (V) and half-space (H). Often one is
more useful than the other. Or you can use both: that would be the famous
double-description method of Motzkin et al. from 1953 [8].

Note that, per the half-space characterization, all polyhedral convex cones
are closed. Polyhedrality comes in to play because when your cone has a finite
number of generators (as in Theorem 3), it becomes possible to enumerate them.
Many properties of closed convex cones need only be checked on a generating set
as opposed to at every point of the cone, the latter of course being impossible
unless the cone is trivial (consists of only the origin). But if some generating
set is finite, we can check that instead.

Proposition 3 (Güler and Tunçel [12], Proposition 2.2). If K is a pointed
polyhedral cone and if G is a minimal generating set of K, then up to positive
scaling, every A ∈ Aut (K) permutes the elements of G. That is, for all g ∈ G,
there exists a g̃ ∈ G such that A (cone ({g})) = cone ({g̃}).

The “minimal” here is important, because there is nothing preventing you
from adding extra junk elements to a generating set.

Example 10. Let G1 := {e1, e2, e3} be the standard basis in R3. Then as we
have already seen, R3

+ = cone (G1). But suppose we define

G2 := G1 ∪ {e1 + e2}.

Then R3
+ = cone (G2) as well, but G2 is a strict superset of G1.

If we are checking some property on the generators of R3
+, then it is a waste

of time to check it on e1+e2, so in a practical sense it is better to have a minimal
set of generators. But apropos of Proposition 3, define A : R3 → R3 by

A (e1) = e2,

A (e2) = e3,

A (e3) = e1.

This is an automorphism of R3
+, and it permutes the minimal generating set

G1, but not G2 because it sends (e1 + e2) to (e2 + e3), which isn’t a positive
multiple of anything in G2.

The “minimal generating set” for a pointed cone hints at an important con-
cept, the extreme ray. Formally, an extreme ray is a simply a one-dimensional
face, but we wish to define neither of these terms. Intuitively, an extreme ray of
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a pointed convex cone is one whose elements are not generated by the other rays
of the cone. So a minimal generating set must contain the extreme rays, and
conversely, the extreme rays generate the entire cone. The latter is a famous
theorem of Minkowski (1911) and Steinitz (1916), though nowadays the general
case is known as the Krein-Milman5 theorem [22]. This only works for pointed
cones because the theorem is stated for compact convex sets—not cones—so
to use it, we must be able to take a compact convex slice of the cone (cf. the
paragraph following Lemma 1) that scales to the whole thing.

The moral of the story is,

1. Up to positive scalings, automorphisms of a pointed convex cone must
preserve a minimal generating set.

2. For polyhedral cones, minimal generating sets are finite.

3. The set of all permutations of a finite set is again finite.

The set of scalings is not finite, but with a little extra work and some Theo-
rem 3, enumerating the permutations of a minimal generating set will produce
the full automorphism group [6]. In the interest of brevity, however, we will
focus only on the automorphisms that permute without scaling. Bremner et al.
call this the linear symmetry group of K corresponding to the vectors v ∈ G.

In the context of automorphisms, if the polyhedral cone K is not pointed
or not solid, it’s not a big deal. We already know the automorphisms of
linspace (K) and of {0} ⊆ span (K)

⊥
, they’re the invertible linear maps on

linspace (K) and span (K)
⊥

respectively. So without loss of generality, we now
assume that our cone is proper. As in Theorem 3 we work over An because,
if the original cone was not pointed, the generators of the proper cone that we
obtain via projection will live in An, even if the original generators had rational
coordinates.

Theorem 4. If K is a proper polyhedral cone and if G ⊆ An is a finite gener-
ating set for K, then there is an algorithm to find the linear symmetry group of
K corresponding to G.

Proof. Redundant generators in G can be removed: with an H-representation
it’s easy, but if all else fails, checking if one point is in the conic hull of the
others is a standard LP feasibility problem. So with G minimal, we now consult
Proposition 3.

Though K is n-dimensional, G can contain more than n elements, and no
fewer than n of them will fully determine a linear transformation on span (K).
We therefore consider every pair of n-element subsets S1 and S2 of G. If there is
a solution A to the linear system AS1 = S2 and if the resulting A also permutes
the remaining elements of G, then we keep it; otherwise, we move on to the next
pair of n-element subsets (S1, S2). Note that if A permutes G, then A must be
invertible because G contains a basis span (K). Every A that passes the test is
therefore an automorphism of K.

5https://en.wikipedia.org/wiki/Krein-Milman_theorem
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We rather conspicuously did not reduce K to a direct sum before computing
its automorphisms. To avoid a lengthy digression, we will not delve into the
complexity of Theorem 4; we will however note that most of its run-time comes
from the combinatorial step, enumerating the pairs of subsets (S1, S2). If G
contains N elements, then there are 2

(
N
n

)
ways to choose (S1, S2).

For an example, consider the cone K = cone (G) in A3 formed by raising the
regular octagon in A2 up to height one and by taking nonnegative multiples of
the resulting set. For this K we have N = 8 and n = 3, so there are 2

(
8
3

)
= 112

ways to choose S1 and S2. Now let’s glue together two copies of K to form
J := K ×K = cone (H), where

H := cone ((G× {0}) ∪ ({0} ×G)) .

is minimal after we remove (0, 0) from it. We then have N = 16 and n = 6,
leading to 2

(
16
6

)
= 16, 016 pairs of subsets. Clearly, it is better to enumerate

the 112 possibilities for K twice than it is to enumerate the 16, 016 possibilities
for J . This is true even when you consider that performing the decomposition
requires approximately N

(
n2 + n

)
= 672 operations at the outset [6].

There is one final caveat: when we are treating the two copies ofK separately
as subsets K × {0} and {0} ×K, we must also enumerate the automorphisms
that swap them. If you approach this naively and are unlucky, it can require an
additional 112 attempts to map the subsets S1 ⊆ (G× {0}) to S2 ⊆ ({0} ×G).
In any case, the numbers remain heavily in favor of reduction-first.

This tradeoff won’t always be beneficial (take Rn
+ for example), but efficiency

aside, the irreducible factors are needed to compute the full automorphism
group [6], so it is pointless to worry about.

4 Conclusion

We have tried to motivate the reduction of a closed convex cone to its constituent
parts, but we have also left a lot out:

1. All of Section 3 can be reformulated in terms of isomorphisms (two cones)
rather than automorphisms (one cone).

2. While discussing the decomposition of J = K ×K in A6, we counted the
operations as if the linear algebra all took place in A6. In reality, it is
better to perform a change of basis ϕ : K×{0} → K ⊆ A3, at which point
all of the n = 6 in the complexity calculation can be replaced by n = 3.
At the end the change-of-basis must be undone, but ideally the bargain
will be in your favor.

3. In practice, enumerating subsets is not the smartest way to compute au-
tomorphisms. The face lattice of a pointed polyhedral cone forms a poset,
and isomorphic cones have isomorphic (as posets) face lattices [6]. As with
the connected components of a graph, this is a great opportunity to punt
to someone else’s algorithm.
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4. We chose the linear symmetry computation as an example because its com-
binatorial nature highlights the benefits of reduction. However there are
many others. Take for example the computation of the positive operators
between two proper cones K and H. It is known that

π (K,H) ∼=
m×
i=1

n×
j=1

π (Ki, Hj),

and the algorithm that computes it involves a generating set and taking
duals. It is much more efficient on simpler cones in smaller spaces [16, 17].

5. Though we have swept the details under the rug, the algorithm to com-
pute the full automorphism group is itself an intriguing application of
reducibility [6].
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